We revisit the accuracy of the post-Newtonian (PN) approximation and its region of validity for quasi-circular orbits of a point particle in the Kerr spacetime, by using an analytically known highest post-Newtonian order gravitational energy flux and accurate numerical results in the black hole perturbation approach. It is found that regions of validity become larger for higher PN order results although there are several local maximums in regions of validity for relatively low-PN order results. This might imply that higher PN order calculations are also encouraged for comparable-mass binaries.
I. INTRODUCTION
To understand binary systems in General Relativity analytically, we require perturbative techniques. The post-Newtonian (PN) approximation based on a perturbative expansion by assuming slow motions and weak gravitational fields of physical systems, is one of the most successful approaches (see e.g., Refs. [1, 2] for a review). In this approximation, formally 1/c where c is the speed of light, is considered as a small parameter that goes to zero in the Newtonian limit c → ∞. This PN approach has been used to construct accurate inspiral waveforms of binaries which are one of the important gravitational wave sources for the second generation gravitational wave detectors such as Advanced LIGO (aLIGO) [3] , Advanced Virgo (AdV) [4] , KAGRA [5, 6] .
The orbital separation of binary systems decreases gradually by the radiation reaction due to the emission of gravitational waves. As the orbital separation decreases, the PN approximation will be inappropriate because the slow-motion/weak-field assumptions are violated. Therefore, we have a basic question: "How far can we push the PN approximation in the fast-motion/strong-field?"
In this paper, we treat extreme mass ratio inspirals (EMRIs) as binary systems to discuss the region of validity of the PN approximation. For the above systems which are one of the main targets for a space-based mission, eLISA Ref. [7] , the black hole perturbation approach is applicable. In this approach, we consider a point particle with mass µ is orbiting around a black hole with mass M , where µ ≪ M . As an example, in the leading order with respect to the µ/M expansion, we consider a quasi-circular orbit of the particle in the Kerr spacetime with Kerr parameter a. Due to the gravitational radiation reaction, the particle will reach the innermost stable circular orbit (ISCO) finally. In the case of equatorial orbits in Kerr spacetime, the orbital radius is obtained as [8] r ISCO M =3 + Z 2 ∓ (3 − Z 1 )(3 + Z 1 + 2Z 2 ) ;
(we use c = G = 1 in this paper). Here, the upper and lower signs refer to the direct and retrograde orbits (with 0 ≤ a ≤ M ), respectively. We have r ISCO /M = 1 (direct) and 9 (retrograde) for a/M = 1. The gravitational field along this orbit is so strong that the PN approximation has the potential to be inappropriate. The evolution after the ISCO will be described by the "inspiral to plunge" transition model developed by [9] [10] [11] .
There are some works on the region of validity of the PN approximation in the case of EMRIs. Poisson [12] demonstrated that the convergence of the PN formula of the energy flux seems to be poor for v > 0.2. In the asymptotic analysis of the PN energy flux, Yunes and Berti [13] found that the edges of the region of validity decrease with PN orders beyond 3PN by using the 5.5PN order result, and the optimal asymptotic approximation is the 3PN order result. It is possible to consider the PN series as a divergent asymptotic series (for example, see Ref. [14] and Section 2 of Ref. [13] ). This work has been extended to the case of quasi-circular orbits in the Kerr spacetime by Zhang, Yunes and Berti [15] .
Here, one of the authors of this paper derived the 14PN order energy flux for a test particle in a circular orbit around a Schwarzschild black hole [16] . Until this work, the highest PN order computation was up to the 5.5PN order [17] . According to the 14PN result in Fig. 1 of Ref. [16] , we can see a better convergent behavior in the higher PN order than Fig. 1 of Ref. [18] . Ref. [16] has been extended to even higher PN order, i.e., 22PN order for circular orbits around a Schwarzschild black hole [19] and 11PN for circular orbits around a Kerr black hole [20] . Recently, the 4PN calculation for general inclined orbits with the sixth order of the eccentricity has been done in Ref. [21] . Therefore, it is worth while to revisit the region of validity of the PN approximation with this higher PN order result.
The paper is organized as follows. In Sec. II, we review Refs. [13, 15] and summarize some definitions used in our paper. The state-of-the-art PN calculation for the Kerr case in Ref. [20] and the computation of the numerical energy flux in Refs. [22, 23] for circular orbit in the Kerr spacetime are used to obtain an improved estimation. Although we use the region of validity defined in Ref. [13] here, the optimal asymptotic expansion depends on the highest PN order used in the current analysis. Therefore, in Sec. III, we introduce another approach based on the error analysis, an eccentricity estimation to discuss the region of validity. Again, this estimation also depends on the allowance of error. Finally, Sec. IV is devoted to discussions. The 22PN results for the Schwarzschild case [19] is briefly discussed in Appendix A. In this paper, we use the geometric unit system, where G = c = 1, with the useful conversion factor 1M ⊙ = 1.477 km = 4.926 × 10 −6 s.
II. THE EDGE OF REGION OF VALIDITY
When we discuss the orbital evolution of binaries as a quasi-circular inspiral motion, we need to know the orbital energy and gravitational energy flux. In the black hole perturbation approach where we treat the evolution of EMRIs, the orbital energy is given by the geodesic motion of a particle with mass µ orbiting around a black hole with mass M in the leading order with respect to the µ/M expansion. The energy flux is calculated by the linear-order perturbation with respect to µ/M about the background black hole spacetime.
For the Schwarzshild background, we have a single master equation for the metric perturbation for so-called odd (axial) and even (polar) parity parts, respectively. Regge and Wheeler [24] derived the equation for odd parity perturbation, and later Zerilli [25] discussed the even parity part. On the other hand, for the Kerr background, Teukolsky [26] derived a differential equation for perturbations by using the Newman-Penrose formalism [27] . The Teukolsky equation can be solved by the decomposition of Ψ 4 as
where −2 S aω ℓm is the spin (s = −2) weighted spheroidal harmonic, and then, the radial function R ℓmω has the asymptotic form at the horizon as
and at infinity as
where
and r * denotes the tortoise coordinate of the Kerr spacetime. The details to calculate the amplitudes, Z H ℓmω and Z ∞ ℓmω , are summarized, e.g., in Ref. [20] . Using the above formulation, the energy flux is derived in two ways, the analytic and numerical approaches. In the analytic approach, we consider a series expansion with respect to the orbital velocity, v ≪ 1, i.e., the PN approximation. When we compute the energy flux numerically, the value is obtained "exactly" in the numerical accuracy without any PN approximation.
With the results from the two approaches, we discuss the region of validity of the PN approximation for the gravitational energy flux F g which is related to the loss of orbital energy E as dE/dt = −F g , based on Refs. [13, 15] . Here, our notation is the followings. In the PN approximation, the loss of orbital energy normalized by the Newtonian flux F (N ) is written in the following form.
where F Newt is the Newtonian flux given by
and F (0) = 1. The normalized "exact" numerical energy flux is denoted by F . The N th-order expansion with respect to v is related to the (N/2)PN result.
The analysis of the edge of the region of validity is originated from Eq. (19) of Ref. [13] ,
This means that the edge is defined by the velocity v at which the true error in the PN approximation, F − F (N ) , becomes comparable to the series truncation error, In order to evaluate the above equation, it would be the easiest way to introduce a tolerance. According to Eq. (20) of Ref. [13] ,
where δ is some tolerance, we define the approximate edge of the region of validity. Since the estimation of the edge depends on the tolerance, an uncertainty width obtained from variations of the tolerance has been shown in Ref. [13] . For simplicity, we focus only on a constant tolerance. In Table I and Fig. 1 , we present "approximate" values of the edge of the region of validity evaluated from Eq. (8) with δ = 0.001 which is the same value used in their paper, for the Schwarzschild (q = a/M = 0) and Kerr (q = 0.1, 0.3, 0.5, 0.9) cases. Here, we show the approximate edge of the region of validity in terms of the orbital velocity,
and the relative error,
evaluated at the edge. Up to N = 10 for the Schwarschild case (q = a/M = 0), this is consistent with Table I of the erratum of Ref. [13] . It is noted that in the Schwarzschild case the 3PN (N = 6) order gives the optimal approximation in the analysis up to the 5.5PN order calculation (N = 10 here). We find a similar feature even in the Kerr cases with small spins (q = 0.1 and 0.3) if we consider only the N = 8 calculations. Although there are various local peaks in Fig. 1 , we have larger regions of validity basically if the higher PN results are introduced. In the Kerr case with the spin q = 0.9, we obtain a large region of validity for N = 9.
We also note the velocity at the ISCO [8] which is calculated by substituting Eq. (1) in Eq. (9) as r = r ISCO . In practice, the ISCO velocity is derived as v ≈ 0.408248 (q = 0), 0.418954 (0.1), 0.444210 (0.3), 0.477084 (0.5), and 0.608618 (0.9). When we just treat the ISCO velocity as a reference, the edge of the region of validity presented in Fig. 1 does not reach the ISCO velocity for all cases. However, for example, Ref. [16] showed that the 14PN gravitational waveforms can extract an accurate physical information from two-years observation of EMRIs in the Laser Interferometer Space Antenna (LISA) band. Therefore, we need to take account of physical (observational) situations to discuss the practical validity of approximations.
In Ref. [13] , an appropriate tolerance estimation, 
| which depends on the PN order, has been introduced because higher-order approximations should be evaluated by an appropriate smaller tolerance. The edge of the region of validity is different from the approximate one obtained in the above. Then, they searched the edge by
In the first step, the velocity is set at v = 0.2, i.e., the tolerance is
evaluated by this tolerance, the appropriate tolerance in the next iteration is determined as
Although we obtain a consistent result with Table II of the erratum of Ref. [13] where they used three successive iterations, we find that there is no appropriate convergent solution for the edge in many iteration. In practice, when we consider v = 0.2 as the initial guess for the iteration, we have the solution ofv (N ) → 0, or v (N ) > v ISCO which is beyond our analysis. These behaviors depend on the existence of an intersection of two curves, ∆ (N ) ROV and δ N as functions of v, and the solutions mean that the inequality of Eq. (11) holds everywhere in the case ofv (N ) > v ISCO for the quasi-circular evolution. Therefore, we do not extend this analysis for higher PN orders here.
III. EDGES OF THE ALLOWABLE REGION
One of the simplest analysis for the region of validity is to give an allowance δ for the difference between the numerical (exact) and analytic (PN) results as
In practice, δ will be numerical accuracies, for example, the allowance of the constraint violations in numerical relativity (NR), and so on. In NR simulations of binary black hole systems [28] [29] [30] , the gravitational waveforms are one of the most important output. There are various requirements to obtain the accurate waveforms. One of them is to keep minimizing constraint violations. Since we have discussed the instantaneous valid region at each velocity, this can be considered as the constraint violations of each time slice in the NR simulations [47] . The error in the PN approximation can be also expressed as the deviation from the "exact" quasi-circular evolution, i.e., the orbital eccentricity, defined by e ≡ dE dr
where the orbital energy is given by
and we may convert the orbital radius to the velocity as
To derive Eq. (13), we convert the energy flux to the radial orbital evolution in quasi-circular inspirals,
In the PN approximation, we may use F (N ) from Eq. (5), instead of the exact F in the above expression. By analogy to the Newtonian eccentric orbit, the radial trajectory of the orbit with a small eccentricity is written as
Here, it is not necessary to treat the difference between the azimuthal and radial frequencies in the Newtonian approximation [48] . In the quasi-circular orbital evolution, the evolution of the radius r 0 is described by using the exact F , and the difference between F and F (N ) is related to the eccentricity as dr dt
where we do not consider the oscillation, but treat only the amplitude, i.e., ev in the last equality. Since v in Eq. (13) is a overall factor and we want to just give a rough error estimator, it is sufficient to calculate the eccentricity as the estimator by using the circular orbital velocity v in the azimuthal direction. Here, as a reference, we simply pick up a number from Table 1 in Ref. [31] . The lowest one is e ∼ 2 × 10
in SpEC [32] (numerical relativity) waveforms by using an iterative procedure to reduce the eccentricity [33, 34] (see also Refs. [35, 36] ). It should be noted that there are various factors to produce the eccentricity in the initial data.
Therefore, for simplicity, we set a restriction on e from the error in the energy flux as
Using this restriction, it is found that the edge of the allowable region is obtained as Fig. 2 in terms of the orbital velocity (top), v (N ) , and radius (bottom) for the Schwarzschild (q = 0) and Kerr (q = 0.1, 0.3, 0.5, 0.9) cases.
In the case of v < v (N ) , we expect that the PN errors do not influence the eccentricity in the quasi-circular orbital evolution in the current NR simulations. We note that an large edge v (N ) is seen for N = 7, and N ≥ 13 is required to transcend this value in the Schwarzschild (q = 0) case. Again, we have larger allowable regions basically if the higher PN results are introduced, although there are various local peaks in Fig. 2 . In the bottom panel of Fig. 2 , we see that there is a convergent behavior in the orbital radius at r ∼ 8.5M in the restriction of e = 1 × 10 −5 . In addition, comparing the top of Fig. 2 to the top of are sufficiently accurate for v 0.33 to use them as templates for searching gravitational waves from comparablemass black-hole binaries with the second generation gravitational wave detectors such as Advanced LIGO (aLIGO) [3] , Advanced Virgo (AdV) [4] , KAGRA [5, 6] , In the NRAR project [37] , the eccentricity e 0.002 is one of the requirements for quasi-circular black-hole binaries.
On the other hand, EMRIs treated in this paper are one of the targets for space-based gravitational wave detectors. Although in previous analyses, e.g., Ref. [16] discussed the 14PN gravitational waveforms in the Laser Interferometer Space Antenna (LISA) band, the analysis will be sufficient for a new plan, eLISA Ref. [7] .
In this paper, using the best-known analytic PN and accurate numerical results, 11PN calculation for circular orbits around a Kerr black hole [20] , we revisited the analysis discussed by Yunes and Berti [13] , and obtained the same results in the 5.5PN order calculation for the Schwarschild case. The main results are presented in Table I and Fig. 1 . In order for the edge of the region of validity to reach the ISCO velocity (v ≈ 0.608618 for q = 0.9), much higher PN order calculations will be required. But, this may be just for mathematical interest, and we should discuss gravitational waveforms in practical gravitational wave observations. Next, we have introduced an eccentricity estimation in Eq. (13) to discuss the allowable region for each PN order, and found that for the small spin cases (q = 0 and 0.1) it was difficult to see the improvement due to the use of higher PN order calculations in the previous analysis. This is because the 3.5PN (N = 7 in Fig. 2 ) order gives a large allowable region in the q = 0 and 0.1 cases and the higher PN calculation than 6.5PN (N ≥ 13 in Fig. 2) order is required to extend this region. On the other hand, the advantage at N = 7 is lost in higher spin cases. In terms of the orbital radius, a comparatively smooth expansion of the allowable region can be seen in the higher PN order approximation. Although we have discussed the PN approximation in the case of EMRIs, the higher PN order calculation for comparable-mass binaries would be encouraged.
Here, we note that a reference in Eq. (19) has been assumed to determine the edge of the allowable region for the PN approximation. This means that the edge largely depends on what to discuss. Therefore, it is reasonable to consider the combination of two analyses presented in this paper, i.e., the region of validity and the allowable region. In Fig. 3 , we show ∆ (N ) ROV (defined in Eq. (8)) evaluated at the edge of the allowable region which is obtained in Fig. 2 . It is found that only some higher PN order results in the analysis of the edge of the allowable region are valid in the sense of the region of validity if we introduce a constant tolerance. For example, for the higher spinning case (q = 0.9), we observe that the large allowable region for N = 10 and 14 from the eccentricity estimation does not satisfy the constant tolerance δ = 0.001 used for the analysis of the region of validity in Sec. II. Therefore, we conclude that any local peak in the top panels of Figs. 1 and 2 does not indicate the best approximation in a given PN order. ROV at the edge of the allowable region by using the result shown in Fig. 2 .
In this paper, we focus on the PN convergence of the energy flux, which corresponds to the dissipative piece of the self-force under the adiabatic approximation. It is worth considering the PN convergence of the postadiabatic effects of the self-force, the conservative and the second order dissipative self-forces. In Ref. [46] , for example, the impact of the post-adiabatic self-force on the gravitational waves has been discussed assuming that the convergence is similar to that of the energy flux. This assumption and their results should be justified when the post-adiabatic self-force is directly calculated.
Finally, we have now various numerical and analytical results for the gravitational radiation reaction in the black hole perturbation approach. For example, Ref. [38] discussed a particle moving on eccentric inclined orbits numerically (see also analytical solutions of the bound timelike geodesic orbits in the background Kerr spacetime [39] ). The analytical results have been used to calculate the factorized waveforms [40, 41] which are employed in the effective-one-body approach [42] (see Refs. [43, 44] ). Studying region of validity in the PN approximation for these cases is left for future work. 
from the Cauchy ratio test, respectively. These values cover the entire physical domain up to the ISCO velocity, v ISCO ∼ 0.408. 
